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On the Relaxation Time of Gauss’s
Continued-Fraction Map
I. The Hilbert Space Approach (Koopmanism)
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It is shown that U*, the adjoint of Koopman’s isometric operator Uf(x)=
f(Tx) corresponding to the map Tx=x"! (mod 1) of the unit interval, is
isomorphic to a symmetric integral operator when restricted to a Hilbert space
of holomorphic functions /. This result, also obtained by Babenko in a different
setting, allows us to derive new trace formulas. Using generalized Temple’s
inequalities, we determine the relaxation time of the above system with great
accuracy. In contrast to a widespread belief, it appears to be unrelated to the
entropy of the map 7.
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1 INTRODUCTION

Any number x in the unit interval has a continued fraction expansion. One
is thus led to study the transformation T that carries x to x ~!(mod 1). The
statistical theory of the continued fraction map T has its origin in a dis-
covery by Gauss,'") who, in a letter to Laplace, stated that the event
T"x < a has asymptotic probability log,(1 + a) for each « in the unit inter-
val. In modern terms, the statement is that the Lebesgue measure of the set
{x: T"x <a} approaches

1 (e dx
log 249 14+ x

=lim Prob{7T"x < a} (1.1)
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where (14 x)~" serves as a distribution preserved under the action of 7.
We refer to du(x)=(1+x) ' dx as Gauss’s measure on [0, 1). It is not
clear what proof Gauss had for his assertion. Kuz’min® first gave a com-
plete proof of (1.1). He also estimated the error as of the order q\/ ", where
0<g<1. Lévy® improved this to ¢", where ¢ <0.68. Sziisz‘*) showed that
this result can also be obtained by Kuz'min’s method and found that
¢ <0.485. Finally, Wirsing,® using techniques from functional analysis,
obtained the correct number to 20 decimal places:

q=0.30366300289873265860 {1.2)

It is not clear, though, how many of these decimals can be trusted.
Wirsing’s number, which is fundamental to number theory, appears to be
unrelated to more familiar constants.
The solution to Gauss’s problem was completed by Babenko,® who
showed that
Prob{T"x<a}=> i%c(a) (1.3)

where 1, =1, ¢, =log,(1+a), and 1,= —q. The A; are eigenvalues of a
suitably defined symmetrical integral operator K and |[A|=[4,)= -
Knuth cites numerical results from an unpublished paper of Babenko, in
particular the result 1,=0.1009 and 1,= —0.048. While the result for 1,
appears to be correct, the value of A, must be wrong, since it violates the
sum rule ¥ 1%2=trace K*=1.103839654.... It is worth mentioning that
Schweiger® has a simple rigorous upper bound,

2

3+.5

and that Waterman'”’ gave a critical discussion of Kuz'min’s method.

In (1.1) we emphasized the probabilistic nature of Gauss’s result.
Khinchin"? and Doeblin"") found new probabilistic results on the con-
tinued-fraction map. These results establish, among other properties, that
the map T is ergodic, even strongly mixing. Kuz’'min’s theorem may then
be rephrased by saying that the convergence encountered in the mixing
process (the “approach to equilibrium™) is in fact exponential: see Eq. (1.8)
for a precise formulation. As a noninvertible transformation, 7" does not
define a K-system. However, it can be well accommodated within the
general framework of K-systems as an “exact transformation” in the sense
of Rohlin (see, for instance, Ref. 12).

We may also look at the continued-fraction map as a dynamical
system, thereby interpreting » as a discrete time variable. This then suggests
we write g =exp(—1/7) for the constant (1.2) and to call t the relaxation
time. Only recently it was indicated that the continued-fraction map indeed

g< =0.381966 (1.4)
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arises in physical problems. Lifshitz er al,” while investigating the
Poincaré map associated with the time evolution of certain spatially
homogeneous cosmologies (“Mixmaster universe”), found that it can be
reduced to studying the map 7. The well-known mixing properties of this
map then lead to a chaotic time evolution.'*)

Let #(T) denote the KS entropy of the map 7. Pesin’s identity claims
that h(T) can be expressed as a sum over all positive Liapunov exponents.
This claim is known to be correct for the continued-fraction map. It then
allows one to determine the entropy explicitly as

Ut odx ) n
h(T)—@jomlong(x)l—@ (1.5)

The importance of this quantity is twofold. First, #(T) is an invariant:
any dynamical system isomorphic to 7 has the same entropy. Second, it
relates to Diophantine approximation: the discrepancy between the real
number x € (0, 1) and its nth approximant as a continued fraction is of the
order ¢ "7 (see Ref. 15). This suggests we call 4(T) ™" the relaxation time
of the approximation process. It seems natural to expect A(T) ™" to coincide
with the relaxation time ¢ of the mixing process. In fact, there is a simple
example, namely the map Tx = 2x(mod 1),"*% where the suggested relation,
t~'=h(T), holds exactly. The relation also holds for the r-adic transfor-
mation Tx = rx(mod 1), where r is a positive integer and A(7T)=1log r. That
heuristic arguments may fail is demonstrated by the continued-fraction
map: While 77! =1.1918, we have that A(T) =2.3731. Apparently, the
entropy A(T) and the relaxation time 7(7) are independent invariants of a
map T.

Much of the quoted traditional work on the continued-fraction map
relies on masure-theoretic arguments. However, two possible approaches
depart from the classical path:

1. The Hilbert space approach. Here one deals with Koopman’'s
isometric operator

Uf(x)=/(Tx) (1.6)

defined on functions fe L?(u), where u is Gauss’s measure on the unit
interval. Actually, as it turns out, the adjoint of this operator, U*, can be
dealt with more easily.

2. The Banach space approach. Here one studies the operator
Lf(x)= Y [T )™ (1.7)
yeT 1x

(closely related to U*) on some Banach space of Lebesgue-integrable
functions. Due to its particular structure, L will be referred to as the
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Perron—Frobenius or transfer operator associated with the transfor-
mation 7.

To find an appropriate setting for a formulation of Kuz’min’s theorem,
we need to restrict U* (resp. L) to an invariant subspace of analytic
functions. On this subspace, U* and L become nuclear (i.e., trace-class)
operators. It is then gratifying to learn that U* and L possess the same
spectrum. As usual, we order the eigenvalues 4, according to their absolute
value, i.e., |4,| = |4,| = -, where we list each eigenvalue according to its
multiplicity. Since it may be demonstrated that the inequality |4, > [4,] is
strict (implying that 4, is a simple eigenvalue), we refer to 1, and 4, as the
dominant and the subdominant eigenvalues. It is then easy to show that
A, =1 and, as we proceed, it will become clear that the subdominant eigen-
value determines the relaxation, ie.,, g=|A,|. It remains an open question
whether the entropy A(7) can be expressed in terms of the eigenvalues 1,.

This paper deals with the Hilbert space approach and has to be
considered a simplification and an extension of Babenko’s work. In a
subsequent article we will discuss the Banach space approach followed also
by Wirsing in his investigations. The present paper is organized as follows.
In Section 2 we relate the operator U* to some integral operator K on
L?*(m), where m is a measure on R, given by dm(s)=(e’— 1) s ds; K is
symmetric and nuclear. Consequently, its eigenvalues A, are real and
summable: > |1,} < 00. Next, we concentrate on the spectral invariants, in
particular, we look at trace(K") and show that it may be represented as an
n-fold integral over Bessel functions. Unfortunately, these integrals cannot
be performed analytically, and we thus resort to a numerical treatment.
In Section 3 we present results for n=1 and n=2.

Alternatively, we represent trace(K) and trace(K?) as infinite sums
over the fixed points of T (resp. 7?). A general proof that the trace of K"
may be written as a sum over the fixed points of 77, hence over the obits of
period # under T, is put aside until the discussion of the Perron—Frobenius
operator. Section 4 is devoted to deriving first results on the eigenvalues
themselves, and in Section 5 we concentrate on numerical bounds for 4,
and A; as obtained from the Ritz variational principle. To further
strengthen the results, we apply new inequalities, which generalize a well-
known inequality due to Temple.'® In Section 6 we demonstrate that the
functions f(x) arising from @(s) € L*(m) are precisely those that belong to
a certain space H*(v) of functions holomorphic in a half-plane in close
analogy to the situation described by the Paley—Wiener theorem. Also, the
introduction of H?(v) generalizes the concept of Hardy spaces. In Section 7
a Poisson integral formula is used to relate the scalar products in H?(v)
and L*(u), which enable us to derive a new version of Kuz'min’s theorem,

(U =P [, g)I<ceq",  fel(n), geHXv) (1.8)
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where (f, g) denotes the scalar product in L?(u) and where P, is the pro-
jection corresponding to the dominant eigenvalue A, =1. Furthermore,

=|A,|, where 1, is subdominant and ¢= || f|| || gil,, where |-||, denotes the
norm in H*(v).

Though some of the ideas have already been employed by Wirsing and
Babenko, their work particularly represents the number-theoretic point of
view. Our main motivation is to stress the significance of their results for
ergodic theory in general.

2. THE INTEGRAL OPERATOR K

Let [ y] denote the integer part of a real number y and consider the
transformation Tx=x'—[x"'] of xe€[0, 1], where it is agreed the
Tx=0if x=0. Then T preserves Gauss measure on [0, 1) given by

dutx) = 2.1

To this measure one associates the Hilbert space L?(p) of complex
functions f on the unit interval. It is then straightforward to verify that T
induces an isometry on L*(u) defined by Uf(x)= f(Tx) and that the con-
stant function f(x)=1 serves as an eigenfunction of U with eigenvalue 1. T
is strong-mixing"") in the sense that for all £, ge L*(u)

(. D, g)

lim(U", )= (P, /. 8) ===

(2.2)

where (-,-) denotes the scalar product in L*(u). The rate of convergence is
expected to be arbitrarily slow, depending on the choice of f and g. An
exponential rate may be achieved only if f and g are sufficiently regular
functions. We aim at finding these conditions of regularity.

Our first step is to pass to the adjoint U* given by (Uf, g) = (f, U*g);
our second is to provide a simple formula for U*:

N _ x+1 1
U x) = nzl (x+n)(x+n+1)f<x+n> (2.3)
The proof is easy and starts from
[ dut (10 3 f [ s -mEm 4

(n+1)-!
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By a change of variable, x=:t"'—n we map the interval
(n+ 1) <t<n ! onto [0, 1) so that

x+1
(x+n)z+n+1)

du(t) = dp(x)
which gives the desired result (2.3).

Our third step is to restrict the operator U* to an invariant subclass of
functions. Here we choose generalized Laplace transforms,

Px)=(x+1) f dm(s) e " o(s), xe[0,1) (2.5)

where m denotes a suitably chosen measure on R, and ¢ e L*(m). As we
go through the proof of the following theorem, we discover that there is
precisely one measure (up to a constant) such that /¥ induces a symmetric
operator K on L*(m):

s ds

— (2.6)

dm(s) =

So, we might as well use this measure to formulate the final result.

Theorem 1. (1) If f=¢ for some geL?(m), then there exists
W € L*(m) such that U*f =4, and the following equation holds:

Ji(2(s)'?)

where J; denotes the Bessel function of order one.

V(s)= [ dm(r) 9(1) =: Kols) 27)

(2) The correspondence ¢ — ¥ = K¢ defines an integral operator K
on L*(m) with continuous kernel; K is symmetric and nuclear (trace-class).

Proof. Let f=¢@. From (2.3) and (2.5)

0

1
WNE=(+D) T

Since x 20, the integral and the sum may be interchanged. We then com-
pute

jdm(z) e~ E T oy (2.8)

i 1 e—t(x+n)‘1= i (—[)k i 1
2 (x+n)? Lo kY2 ()t
@ —t k
Z kjl)vjdm(s) e

Jl 2 1/2 B
=j dm(s) ——((;(t—s)é—?z-) e
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and by a simple use of Fubini’s theorem,

J(2(s0)"
U*f(x) = (x + 1)[dm(s)e”fdm(z)——((%)z——)

o(1)

which proves that U*f =, where y is given by (2.7). It remains to prove
that y € L?(m). But this is automatic once we have shown that the operator
K is bounded. The second part of the theorem claims much more: K is
nuclear and symmetric. While symmetry is obvious, the demonstration of
nuclearity requires some care. To start with, we expand the kernel in terms
of Laguerre polynomials,

L2V & e’
—_—= L 2.9
)" Eo A G D) (29)
Thus, K may be represented as
Ko=) (9.1,)e, (2.10)

n=0
where Y, e, e L*(m), are given by
e

eq(s)=Lks), n,,(s)=(nJr 0!

It remains to prove that > |#,| lle,ll <oo. The computation of |e,|
involves a standard integral:

lea)? = [ dm(s) [L(s)1?
= i JOO ds se *[L(s)]?

LR (e

P
We use
<n + 1) <ot
4
to obtain the bound
2 (k—1)+1

le,?<(n+1)27*1 3

k=1

<(n+1)2771(2)

k2n+2
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Next, we compute the norm of 4,

) e~ 2
1,02 = | dms) [m]

<0

=[+ 1)1 Y [ dsstre s

k=3"0

(2:: 1) 1)1 3) (r=2142)

where
{(r,3):= Z k=
i [Gp)™"+Gp+1) "+ (3p+2) ']
<3§1(3p>"=3“’5<r)
We use
<2nn:11)<22n+1 and  {(2n+2)<i2)

to obtain the bound
2 2n+1
mir<men(5) @
and thus obtain the following result:

') 0 8n/2
MRIMES {(2) () <o
2 led I \[ @ ¥ (5

This proves the second part of the theorem.
Our concern will now be the operator K on L*(m). From the above
theorem we conclude that K admits a spectral representation of the form

o0

Ko=3 i(0,0,)0, (2.11)

n=1
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where the ¢, define an orthonormal basis in L?(m). The eigenvalues 4, are
real and satisfy

Lol Zl4) =4l =
2. Sil<w

The next four sections are devoted to numerical aspects of the
spectrum.

3. ESTIMATES FOR tr K” (n=1, 2)

The trace of a nuclear operator K on L*(m) with kernel K(s, ) may be
defined by the formula

tr K:jdm(s) K(s, 5) (3.1)

For the particular operator at hand we thus obtain

J1(2s)

e*—1

wK=Y /1n=j0°° ds

n=1

(3.2)

There seems to be no simple finite expression for this number, nor is
the integral mentioned in any of the existing integral tables. We thus
proceed to establish rigorous bounds, thereby showing that tr K is a num-
ber close to 0.75:

3 T 3 =
—F o <trK<~+— )
4+e4”—1 tr <4+96 (3.3)

The proof is based on the formula

2 pni2 . ) )
J1(2s)=~f da sin & sin(2s sin ) (3.4)

T Jg

By Fubini’s theorem,

tr K= ;2; Ln/z doe sin o J:O sds

1 sin(2s sin &)
/2 . B 1

= f da [sm & coth(2 sin «) ——] (3.5)
0 2n

3
421
7t
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where
/2 1
1= dn (3.6)
[}

e4n sinax_ 4

Since s[e*—1]7! is a decreasing function and 8a<4nsina<4n
provided 0 <a < n/2, we have that

/2 2jﬂ/2 o 1 j%‘ sds T (3.7)

<I<E|  d < —==
1 mde 1 3mdy =1 192

which together with (3.5) yields the desired result. Of course, one may also
treat the integral / using standard techniques of numerical integration. To
nine decimal places, /=0.0105627618, implying

tr K=10.7711255237 (3.8)

Our next result states an interesting relationship between tr K and the
fixed points under the continued-fraction map. Consider the following con-
tinued fractions:

Xy=—— (neN) (3.9)

Obviously, x,e [0, 1) and any nonzero solution of Tx =x is of this
form.

Theorem 2.
trK=3 (1+x,2) "'
n=1
The proof is based on the integral

jw dle(Zs)e"“:%[1-n(n2+4)’1/2] (3.10)

0

and on the fact that x, is the positive solution of the quadratic equation
x(x+n)=1, ie.,
2x,=(n*+ 4" —n
2x, ' =(n?+4)"? +n
2x

o +;_1 =1—n(n*+4)""2

Summing both sides of (3.10) over ne N, we obtain the desired result.
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The representation of tr K in terms of fixed points does not come
unexpectedly. It is a consequence of quite general (known) arguments for
dynamical systems, as will be discussed later. It may be worthwhile to
remark that the convergence of the sum appearing in Theorem 2 is rather
slow: asymptotically, the sum behaves like 3 n~ 2, implying

trK=n§1(1+xn2)‘l+O(—]1\—]> (3.11)

which shows that this representation is not well-suited for a numerical
computation.

Continuing, we may study the next quantity of interest, the trace of
K*:

K=Y i,%:f dm(s)Jdm(l) K(s, 1) K(1, 5) (3.12)

n=1
Due to (2.6), this trace is represented by the following integral:

o roo 1/2y2
[” ds 260

tI'KzZJ o (eS—l)(e‘——l)

0

(3.13)

Here, the problem is harder: it seems difficult both to derive sharp bounds
and to compute this number using numerical integration.

Of course, from the obvious bound J,(2(st)"?)* < st we easily obtain
tr K2 <((2)? =n*/36. However, this upper bound overestimates the integral
by a factor greater than 2. There is another more promising approach;
namely, we write

wk= Y [T [T dsaremm o0y (3.14)

nm=1 0 0

With help of tables, the integrals can now be performed and we obtain
tr K* as a double sum in the form

& 1

rK?= ) h(——) (3.15)
nm =1 nm

letting

2h(x)+ 1= (1+2x)(1 + 4x) 12 (3.16)
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With x restricted to the interval (0, 1] we have that 0 < A(x) < x2. This
shows that the sum (3.16) is indeed convergent, though slowly. The
function A(x) has a number of peculiar representions. One of them is

1
h(x)zZ L1 +4x)2 4+ (1 +4x)" 2 -2] (3.17)
Using an identity among binomial coefficients,
1{/1/2 —1/2 2k—2\
Z =(—4)"* 3.18
() ) e (G5 319
we obtain another representation,

h(x) = fz <2k"2) —x)* (3.19)

though this expansion is valid only for |x| < 1/4. To effectively compute
tr K%, we split the sum (3.15) into three partial sums, that is, we write

tr K2=S, + 25, + S, (3.20)

where

=% IG5 L G)
et 2

If N>4, we may use (3.19) to rewrite S, and S;:

M—1 e —2 N—1
Sy= Z ('1)k<k~2)€(kaN) z nik+RM,N
k=2 n=1

M1 2k—2
$:= % (1 (525t M R
k=2

where
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The remainder terms are

° 2%e—2 N
Ryn= —1)* {(k, N —k
b= % (k—2> 6 N) T

I %2 ,
Bon= 3 (<0 (35 de )

These have to be kept small. We use

Lk, N) < N'H{(k), (2;:22)<4k, Y n k<), k<2

to obtain the following estimates:

| Ryl <AN*(N—4)7'(4/N)™
| R nl <ANY(N?—4) 7 (4/N*)™
For instance, |Ryg20/ <107'* and |Rjg,0| <107, which seems suf-
ficient. The problem in thus reduced to efficiently computing {(k, N) for
2< k<M. This is a relatively simple task provided one takes advantage of

the Euler summation formula. The result of this numerical exercise is an
approximate value for the trace of K2,

tr K2 = 1.103839654 (3.21)

which, we claim, is correct of ten decimal places.

Remember that tr K has a remarkable representation in terms of fixed
points (Theorem 2). We now claim that tr K> may be represented as a sum
over continued fractions xe [0, 1) of period <2, ie., fixed points of 77
Consider the fractions

1 1 1 1
Xomn ————— e (m, neN) (3.22)

so that Tx,,,=x,,,. It is not hard to check that any solution of T?x=x is
of the form (3.22) and hence solves the quadratic equation mx(x+n)=n

such that "
nt n n
=(>+=) -2 323
wa=(5+2) -3 (323)

Theorem 3:
tr K2= Z [(xm,nxn,m)_2~1]71

nm=1

822/47/1-2-11
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Proof. Ifa=x,,x,,, then a is merely a function of the product mn:
= i[(mn +4)"7—(n)"]?
a ' =1i[(mn+ 4"+ (mn)*]?
Since a ! —a= (mn)"*(mn + 4)'?,
(@ *—1)"=ala'—a)~' =h(1/mn) (3.24)
where
h(x)=5[(1 +4x)"* — (1 +4x)~"]? (3.25)

Comparison with (3.17) shows that A(x) coincides with our previously
defined function as it was used in the representation (3.15) of tr K% The
asserted equality, tr K*=3 (a~2—1)7!, is just another way of writing
(3.15).

In general, the trace of K”, the nth power of the operator K, may be
represented as a sum over all solutions x to the equation 7"x = x, as will be
shown in a subsequent paper. On the other hand, tr K" may also be
expressed as an n-fold integral over some n-fold product of Bessel functions.
The alleged relationship between these integrals and sums over continued
fractions of period n (prime period <n) is rather striking.

4. FIRST RESULTS ON THE SPECTRUM

With all this numerical work, what have we learned about the
dominant eigenvalue 4,, and about A,? In Section 2, we argued that the
constant function on [0, 1) is an eigenvector of U corresponding to the
eigenvalue 1, Ul = 1. This implies U*1 = 1, since U is an isometry on L*(u).
Is there a corresponding eigenvector of K in L*(m)? To answer this, we
write the constant function as a generalized Laplace transform, 1=
(x+1) [ dm(s) e o(s), where @(s)=s5"'(1—e"°). For ¢ to describe a
legitimate eigenvector of K, it is crucial to observe that ¢ € L*(m). A simple
computation shows that |¢|>=1log 2. Hence, the normalized function

@i(s)=(log2)~"?s!(1 —e™) (4.1)

is a unit vector in L*(m) for which K¢, = ¢,. We have tacitly assumed that
A, =1, ie, 1 is the dominant eigenvalue of the operator K. But this asser-
tion can be proved: 1,=1 implies that tr K* > n, since the eigenvalues are
ordered according to their absolute value. However, this lower bound con-
tradicts (3.21) unless n=1.
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Let us introduce the following partial sums:

Sp= Y Ay (4.2)
k=zn
ra= 3, A {4.3)
kzn
From (3.8) and (3.21),
g,=tr K—1 = —0.228874 (4.4)
r,=tr K*—1 = 0.103840 (4.5)

We have thus discovered that there exist negative eigenvalues.
Actually, we can state more:

Lemma. infi,=41,<0.

Proof. Because K is symmetric, inf 1, < (¢, Kg) for any @e L*(m)
such that |l@]| = 1. To start with, we choose @4(s)=1—e™°. We then pro-
ject @, onto the orthogonal complement of ¢, and normalize to obtain ¢.
It is easy to check that

(90, Kgo) — (@0, @1)12

KO = 0 o)

(4.6)
The expression to the right involves only integrals of known types:
(90, Kgo) = [ dsdrs'1e=="7,(2(s1)") =}
¢ 0
(log 2)"*(po. )= | " dse™(1—e )=}
lpoll®= |~ dsse™*(1—e~*) =3
¢

Hence inf 4, € —a, where

1—log2
= = (1.2843 .

=3 fog2—1 (47)

Since lim 4, =0, there exists some m =2 such that 1,,=inf 4,. Argue

as before to find that r, = (m — 1){4,,|> = (m — 1)a?, which contradicts (4.5)
unless m=2.
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As a side result, we obtain the following bounds:
a<g =2, <ri? (4.8)

Numerically, 0.2843 < —4, <0.3222. Of course, our choice of ¢, is not
optimal, since was dictated by simplicity. With a little more labor (see next
section) we can sharpen the bounds to show that 1, = 0.303663, where all
six digits are significant. Granted this result, we are left with

55 = 0.074789, ry = 0.011629 (4.9)
We also find that 4; = 0.1009 to four significant digits, so that
s, = —0.0261, ry = 0.00145

It is conspicuous that the first four partial sums of the eigenvalues,
81,5 84, alternate in sign. We take this as an indication of a general fact
and conjecture that (—1)"s, <0 for all n. Assuming this to be true, we may
conclude that the eigenvalues themselves alternate in sign: (—1)"1,<0. We
also expect that the A, drop to zero at an exponential rate, ie,
0< —A,,1/4,<1/3. Now, 4 =0 cannot be an eigenvalue, since

[ am(r) (s1) 12 1, 2(1)"2) (1) =0

implies that (e’ —1) ' t¢(¢) =0 by the invertibility of the Hankel transfor-
mation.

5. HIGH-PRECISION BOUNDS FOR A, (n=2, 3)

The space of interest will now be the subspace H < L?(m) orthogonal
to the dominant eigenfunction ¢,. Let A denote the restriction of the
operator K to H. We appeal to the variational principle

Ay =inf(4e, @)/l@l>  A,=sup(de, ¢)/le|’ (5.1)

where the infimum (resp. supremum) is taken with respect to 0 # ¢ € H and
where m = 3 is defined such that 4,,=max 4, ;. At the end we will show
that m = 3. We then choose trial functions ¢ = @q— (@q, ) @1,

Po(s)=(e"— 1) e "+ ce™ ) (5.2)

where we wish to optimize the constants r, p, and ¢ (all real) subject to the
restrictions 1 <r < p. Our choice (5.2) is motivated by the observation that
the Schwarz constants

a,= (4", ¢), n=0,1,2,3 (5.3)



Relaxation Time of Gauss's Continued-Fraction Map 165

can be evaluated at easc writing
o, = F,(r, 1) +2cF,(r, p)+ *F,(p, p)
where

F(r, p)=G,(r, p)—[(r+r*)p+ p*)log2]~"

and

Golr, p)=(r+p—1)">—(r+p)~?
Gy(r,p)=(1+rm)?

e o]

Gy(r,p)=) (r+p+nmp)™? (54)

Gyrp)= Y Y [rp+(mr+ Dmp+1)] 2

I. Let us first address the problem of obtaining accurate bounds for
A,. Here we adopt the following values:

r=1.158183, p=2.24343, c= —0.12439203 (5.5)

The numbers have been chosen because then the quotient «, /o, is close
to its minimal value. In fact, we find

Ay <otyfag= —0.3036556 (5.6)

Let us adopt the following terminology. A bound is said to be of nth
order if it is an expression in terms of «,, k <#. In connection with these
bounds it is convenient to introduce nth-order functions of n—1
arguments:

o
ﬁ1:—1
%o
o, — X0
By(x) =" (5.7)
oy — X0
03— (X+ y)o, + xyo
Ba(x, y) = 3 ), Yoy

oy — {x+ y)o; + xyoy

The inequality (5.6) provides us with a first-order bound: 4, <f;.
Second-order bounds may be derived if we possess additional information
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about the location of eigenvalues. Suppose that for certain constants a and
band all n=3

B <a<l,<b (5.8)

These conditions imply that (4 — A, )(4 —b5) <0< (A4 — i,)(4 — a), and
taking scalar products (¢,..., ¢) we conclude that

Pala)< A, < B,(b) (5.9)

which are second-order bounds due to Temple.""® It remains to find @ and
b. From (5.6) and (3.21) we obtain the numerical bound 3} A2, ;<
0.011622. Hence, the condition (5.8) is met if —a =5 =0.1079. Insertion in
(5.9) yields

—0.3036671 < 4, < —0.3036610 (5.10)

Continuing, we derive third-order bounds from
(A= 2,)0(A4—a)A—b)<O<(A4—I,)(A—x)
Again, we take scalar products to obtain
Bi(a, b) < A, <inf B5(x, x) (5.11)
Notice that a, — (a+ b)o, + aboy>0 has been used to get the lower

bound. This inequality, being a consequence of f,(a)<b and f,<a,
follows from (5.6), (5.8), and (5.9). The evaluation of (5.11) yields

~0.3036641 < 1, < —0.3036629 (5.12)

I1. Let us now turn to the problem of obtaining bounds for 4,,. Here
we adopt the values

r=12133, p=1.2899, c= —1.21425 (5.13)

which are close to the location of the maximum of «,/¢, in parameter
space.
As a first-order bound, we thus get

A= By = 010072 (5.14)
This in particular proves that m =3, since

0.012>ry > (m—2)14,,12> (m—2)001
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from (4.9) and (5.14). Let a and # be numbers such that for all n >4
a<i, <, <b<f,y (5.15)
Then, arguing as before, we obtain second-order bounds,

Bala) < A3 < Bo(b) (5.16)

How do we choose a and »? The inequalities (5.12) permit us to choose
a= —0.3036641, and from (5.14) and ¥ 1%, ,<0.011633 we get 3" A2, <
0.0014885. Hence, (5.15) is satisfied if & = 0.038581. Insertion in {5.16) yields

0.10076 < 4, < 0.10096 (5.17)
Finally, we may employ the following third-order bounds:
sup B3(x, x) <43 < Ps(a, b) (5.18)

to obtain
0.10088 < 4, < 0.10094 (5.19)

III. Having derived accurate bounds for 4;, we are ready for a minor
improvement over our results regarding 1,. In (5.11) we may now take a=
—0.038581 and 5 =0.10094 knowing that the conditions (5.8) are satisfied.
With this modification we get

—0.30366327 < 4, < —0.30366299 (5.20)

The numerical values r,, i=1, 2, 3, show that the three eigenvalues 4,
45, and A, are all simple.

6. THE SPACE H2(v)

In Section2, we defined the generalized Laplace transform of
o L*(m) as

B(z)=(1+2) [ dn(s) e = p(s)

Though z was restricted to the interval [0, 1), ¢ can be extended to a
function of a complex variable holomorphic in the half-plane D=
{z=x+1iy|x> —1}. A simple calculation, using the Plancherel theorem,
then shows that

2

jdm(s) |qo(s)|2:lj01/2 dxro dy}‘a(z) (6.1)

Y e 14z
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This equality suggests we introduce the following measure on D.

I dxdy o
———-—_’ —— x

dv(z)={m (1 +x)*+ : (6.2)
0, x>0

Furthermore, let H?*(v) denote the space of all functions f(z)
holomorphic in D such that |(1+z) ' f(z)| is bounded in any of the half-
planes x> —1+¢ (¢>0) and

1713 = | dvlz) 1 (2))2 < o0 (63)

Then the map ¢ — ¢ is an isometry from L*(m) to H*(v). By invoking
the Paley—Wiener theorem, one shows that the map is onto. Thus, we
regard L*(m) and H?(v) as the “same” space. We also regard H*(v) as
being densely embedded in L?(u), where p is Gauss measure. All told,
H?*(v) is an invariant subspace for U*, the adjoint of U is an operator on
L?(u), and the spectrum of U*, when restricted to H?(v), is that of the
operator K on L*(m). By construction, H>(v) consists of complex functions
holomorphic in D with restricted growth near the boundary dD, and, in
that respect, our construction is rather similar to the introduction of Hardy
spaces over half-planes.

We wish to stress that H*(v) is not invariant under U. In fact, if
0+# f e H*(v), the function Ufis no longer analytic, but is discontinuous at
almost all points (1/n) (ne N), U?*f is discontinuous at almost all points

11
—_— (n,me N)
n+ m

and so on. As n— oo, U"f eventually becomes a function discontinuous at
almost all rational points in [0, 1).

To avoid confusion, we will write K in place of U* whenever U* is
regarded as an operator on H?(v). This notation is suggestive, since the
isomorphism L%*(m)— H*(v), ¢+ @, carries the operator K (see
Theorem 1) into K.

7. A POISSON INTEGRAL FORMULA

We now focus on the relationship between L*(u) and H?(v), ie., we
look for a relation between their scalar products. To establish such a
relation, we use the Poisson integral formula usually stated for the disc.!'®
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It may also be stated for the half-plane x >0 using a conformal mapping
argument?%;

F(z) :%jw ds Re [Z ml is] Fis) (7.1)

Here, one asumes that F(z) is holomorphic and bounded for x> 0.
Define

F2)=f(z+1)g(z+1)

where f, ge H*(v) and ¢> —1, and apply (7.1). Then put z=x+1, r=x,
and s=y, assuming x> — 1. Integrating both sides over —1<x<0, we
have shown the following:

(f: &)= dv(2) f() 2(3) (7.2)

The expression to the left is the scalar product in L*(x), whereas the
scalar product in H*(v) is

(f, 8),= | dv(2) £(2) ()

Obviously, if g(x)=1, the two expressions give the same result:

(D=0 =] 1550 (13)

Without danger of confusion, we therefore do not distinguish between
the projection P, in L*(u) and the corresponding projection in H*(v), i.e.,
we write

1A, g)

(P fr £). = (Pif; ) =

(7.4)
for all f, ge H*(v). From

]jdv(z ) 20| <] di) 18 [ i) 1)1

[avz) 122)12 = [ av(z) 18(2)12

[dv(z) is symmetric under y+— —y!] we infer that

lelh<lgll (7.5)
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Mixing relates to the asymptotic behavior of (U"f, g). The rate of con-
vergence can be estimated by first writing

(U"=P)L &)= (f, (U =P)g)=(f, (U* = P)'g)

so that

I((U" =P f, ) <UAIHIU* = P)'gll

Though fe L?(x) may be arbitrary, we shall assume that ge H*(v). Hence,
(U*—P,)'ge H*(v) and

[(U*~P,)ygll < I(K—P)gl,

byﬁvirtue of (7.5). The spectral radius of K—P, is |4,] and thus
HWK—P)'¢gll, <4, | gll,. Hence, there is the following version of
Kuz'min’s theorem.

Theorem 4. For feL*u) and ge H*(v)<= L*(p), [(U"—P)) f, )]
< cq”, with constants ¢= | f| llg]l, and g =|4,].

For this formulation, we have chosen one particular space of analytic
functions. As it turns out, there are many versions of Kuz’min’s theorem,
each using some Banach space of analytic functions different from H?(v).
This will be discussed in a subsequent paper when we focus on the Perron—
Frobenius operator. Our goal is then to show that the eigenvalues 4, remain
the same.

ACKNOWLEDGMENTS

We thank the referee for having pointed out some errors in the first
version of this paper. D. M. is a Heisenberg Fellow.

REFERENCES

1. E F. Gauss, Collected Works {Teubner, Leipzig, 1917), Vol. X, p. 372.

2. R. O. KuzZ'min, A Problem of Gauss, Dokl. Akad. Nauk SSSR A 1928:375-380 (1928); in
Atti de Congresso Internazionale de Matematici {Bologna, 1928), Vol. 6, pp. 83-89.

3. P. Lévy, Sur les lois de probabilit¢ dont dépendent les quotients complets et incomplets
d’une ftaction continue, Bull. Soc. Math. 57:178-194 (1929).

4. P. Sziisz, Uber einen Kusmin-schen Satz, Acta Math. Acad. Sci. Hung. 12:447-453 (1961).

5. E. Wirsing, On the theorem of Gauss—Kuzmin-Levy and a Frobenius type theorem for
function spaces, Acta Arithm. 24:507-528 (1974).

6. K. Babenko, On a problem of Gauss, Dokl. Akad. Nauk SSSR 238:1021-1024 (1978);
K. Babenko and S. Jurev, On the discretization of a problem of Gauss, Dokl. Akad. Nauk
SSSR 240:1273-1276 (1978).



Relaxation Time of Gauss's Continued-Fraction Map 1mm

7

8.

9.

10.
11.

12,

13.

14
15

. D. E. Knuth, The Art of Computer Programming (Addison-Wesley, Reading,
Massachusetts, 1981), Vol. 2, Chapter 4.5.3.

F. Schweiger, The metrical theory of the Jacobi-Perron algorithm, in Lecture Notes in
Mathematics, No. 334 (Springer, Berlin, 1980).

M. S. Waterman, On the approximation of invariant measures for continued fractions,
Rocky Mt J. Marh. 6:181-189 (1976).

A. Ya. Khinchin, Continued Fractions (University of Chicago Press, Chicago, 1964).

W. Doeblin, Remarques sur la théorie métrique des fractions continues, Compositio Math.
7:253-371 (1940).

I. P. Cornfeld, S. V. Fomin. and Ya. G. Sinai, Ergodic Theory (Springer, Berlin, 1982),
Chapter 10, §8.

I Khalatnikov, E. Lifshitz, K. Khanin, L. Shchur, and Ya. Sinai, On the stochasticity in
relativistic cosmology, J. Star. Phys. 38:97-114 (1985); E. M. Lifshitz, 1. M. Lifshitz, and
I. M. Khalatnikov, Asymptotic analysis of oscillatory mode of approach to a singularity in
homogeneous cosmological models, Sov. Phys. JETP 32:173-180 (1971).

. J. Barrow, Chaotic behavior in general relativity, Phys. Rep. 85:1-49 (1982).

. P. Billingsley, Ergodic Theory and Information (Wiley, New York, 1965), Chapter 1.4.

16. G. M. Zaslavsky, Chaos in Dynamical Systems (Harwood, Chur, 1985), Chapter 1.2.

17

. P. Walters, An Introduction to Ergodic Theory (Springer, New York, 1982), Chapter 1.7.

18. G. Temple, Acta Math. 2:39 (1955).

19
20

. W. Rudin, Real and Complex Analysis (McGraw-Hill, New York, 1974), Chapter t1.
. P. S. Duren, Theory of H” Spaces (Academic Press, New York, 1970), Chapter 11.



